Abstract. We give a simple construction involving partial actions which permits us to obtain an easy proof of a weakened version of L. O'Carroll's theorem on idempotent pure extensions of inverse semigroups.
Introduction
It was proved by D. B. McAlister in [9, Theorem 2.6] that, up to an isomorphism, each E-unitary inverse semigroup is of the form P (G, X, Y ) for some McAlister triple (G, X, Y ). There are several alternative proofs of this fact (see, for example, the survey [7] ), in particular, the one given in [4] uses partial actions of groups on semilattices.
L. O'Carroll generalized in [12, Theorem 4] (which is a reformulation of [10, Theorem 2.11]) McAlister's P -theorem by showing that for any inverse semigroup S and an idempotent pure congruence ρ on S there is a fully strict L-triple (T, X, Y ) with T ∼ = S/ρ and Y ∼ = E(S), such that S ∼ = L m (T, X, Y ). This gives rise to a categorical equivalence as shown in [5, Theorems 1.5, 4.1 and 4.4]. Moreover, when S is E-unitary and ρ is the minimum group congruence on S, this coincides with McAlister's description of S as P (G, X, Y ).
In this short note we prove the following weakened version of [12, Theorem 4] : given an inverse semigroup S and an idempotent pure congruence ρ on S, there exists a fully strict partial action τ of S/ρ on E(S), such that S embeds into E(S)⋊ τ (S/ρ). Moreover, the image of S in E(S) ⋊ τ (S/ρ) coincides with a subsemigroup E(S) ⋊ m τ (S/ρ) of E(S) ⋊ τ (S/ρ) which can be explicitly described. Our approach permits one to avoid the necessity of the poset X in O'Carroll's L-triple. On the other hand, this weakens the result, as the partial action τ that we construct may in fact be non-globalizable.
Preliminaries
Given an inverse semigroup S, we use the standard notation ≤ for the natural partial order on S, and ∧, ∨ for the corresponding meet and join. Notice that s ∧ t or s ∨ t may not exist in S in general. However, if e and f are idempotents of S, then e ∧ f exists and coincides with ef , which is again an idempotent. Thus, the subset of idempotents of S, denoted by E(S), forms a (meet) semilattice with respect to ∧.
A congruence ρ on S is said to be idempotent pure, if (e, s) ∈ ρ & e ∈ E(S) ⇒ s ∈ E(S).
The semigroup S is called E-unitary, if its minimum group congruence σ, defined by (s, t) ∈ σ ⇔ ∃u ≤ s, t, is idempotent pure. An F -inverse monoid is an inverse semigroup, in which every σ-class has a maximum element under ≤. Each F -inverse monoid is E-unitary (see [6, Proposition 7.1.3] ).
Given a set X, by I(X) we denote the symmetric inverse monoid on X. The elements of I(X) are the partial bijections of X, and the product f g of f, g ∈ I(X) is the composition, i.e.
Observe using [6, Proposition 1.1.4 (3)] that f ≤ g in I(X) if and only if f ⊆ g regarded as subsets of X × X. It follows that there exists
Here ∪ is the union of functions as subsets of X × X. Let S and T be inverse semigroups. Recall from [4] that a map τ :
One can easily show that
(see, for example, [14] ). By a partial action of an inverse semigroup S on a set X we mean a premorphism τ : S → I(X). If τ is a homomorphism, then we say that the partial action τ is global. We use the notation τ s for the partial bijection τ (s).
Construction
We fist make several observations. By [6, Proposition 2.4.5] a congruence ρ on S is idempotent pure if and only if
where ∼ is the compatibility relation on S defined by
Moreover, ∼⊆ σ by [6, Theorem 2.4.1 (1)], whence
for each idempotent pure congruence ρ on S.
We would also like to note that, given a partial action τ of S on X and s ∈ S, then by (i) and (ii)
1 In [13] such a map is called a prehomomorphism, and in [8, 14] it is called a dual prehomomorphism.
Lemma 2.1. Let S be an inverse semigroup, X a set, ρ an idempotent pure congruence on S and τ a partial action of S on X. Then for any ρ-class [s] ∈ S/ρ the join t∈[s] τ t exists in I(X).
Proof. Let (s, t) ∈ ρ. Then by (i) and (ii) one has that τ s τ (2) , (3) and (4) 
Thenτ is a partial action of S/ρ on X.
Proof. By Lemma 2.1 the mapτ is well defined. Using [6, Proposition 1.2.1 (4)] and (i), we obtain that
Moreover, applying [6, Proposition 1.2.1 (5)] and (ii), we conclude that
Remark 2.3. If, under the conditions of Lemma 2.2, S is E-unitary, ρ = σ and e∈E(S) dom τ e = X, thenτ is a partial action [2, 4] of the maximum group image G(S) = S/σ of S on X as in [14 . In particular, if G is a group, S is the monoid S(G) from [2] 2 and τ 1S = id X , then identifying G(S) with G, we see thatτ is the partial action of G on X induced by τ as in [2, Theorem 4.2].
Let (E, ≤) be a meet semilattice, i.e. a partially ordered set, in which any pair of elements e, f ∈ E has a meet e ∧ f . Then (E, ∧) is a commutative semigroup, and all its elements are idempotents. It follows that E is inverse, and the natural partial order on E coincides with ≤. The converse is also true: each commutative inverse semigroup S, such that E(S) = S, is a meet semilattice, where e ∧ f = ef for all e, f ∈ S (see [6, Proposition 1.4.9] ). Notice that an order ideal of (E, ≤) is a semigroup ideal of (E, ∧), an order isomorphism (
, and vice versa, so we may use the terms 'ideal' and 'isomorphism' in both senses.
Following [13] for any meet semilattice E we denote by Σ(E) the inverse subsemigroup of I(E) consisting of the isomorphisms between ideals of E. Given an inverse semigroup S, by a partial action τ of S on E we mean a premorphism τ : S → Σ(E). For any such τ set
with the multiplication
Since τ s (τ (9) is well defined.
Lemma 2.5. The set E ⋊ τ S is an inverse semigroup with respect to the operation (9). Its semilattice of idempotents is {(e, f ) ∈ E ⋊ τ S | f ∈ E(S)} and (e, s)
Proof. See [13, .
Lemma 2.6. Let τ be a partial action of an inverse semigroup S on a meet semilattice E and ρ an idempotent pure congruence on S. Thenτ is a partial action of S/ρ on E.
Proof. We know from Lemma 2.2 thatτ is a premorphism from S/ρ to I(E). So, we only need to prove thatτ (S/ρ) ⊆ Σ(E). Clearly, domτ [s] and ranτ [s] are ideals of E as unions of ideals dom τ t and ran τ t , respectively, where t ∈ [s]. Furthermore, let e, f ∈ domτ [s] and e ≤ f . There exists t ∈ [s], such that f ∈ dom τ t . Since dom τ t is an ideal, it follows that e ∈ dom τ t . Then, taking into account the fact that τ t preserves ≤, we havẽ
[s] is also order-preserving. Thus,τ [s] ∈ Σ(E).
The embedding theorem
Let S be an inverse semigroup. It is well known (see, for example, [6, Theorem 5.2.8]) that the map δ : S → Σ(E(S)), s → δ s , where
is a global action of S on E(S), called the Munn representation of S.
Proposition 3.1. Let S be an inverse semigroup and ρ an idempotent pure congruence on S. Then S embeds into E(S) ⋊δ (S/ρ).
As ss
, the map ϕ is well defined. Since by (7) and (10) (ss
ϕ is a homomorphism. Suppose that ϕ(s) = ϕ(t). By (11) this means that (s, t) ∈ R ∩ ρ, where R is the Green's relation on S, defined by (s, t) ∈ R ⇔ ss −1 = tt −1 .
As R ∩ ρ ⊆ R∩ ∼, it follows by [13, Lemma III.2.13] that s = t, and hence ϕ is one-to-one.
To make the result of Proposition 3.1 more precise, we follow [12] . We say that a partial action τ of S on E is strict, if for each e ∈ E the set {f ∈ E(S) | e ∈ dom τ f } has a minimum element, denoted by α(e), and the map α : E → E(S) is a homomorphism of meet semilattices. Observe using (6) that if (e, s) ∈ E ⋊ τ S, then α(e) ≤ ss −1 . The set of (e, s) ∈ E ⋊ τ S for which
α(e) = ss
will be denoted by
Proof. We first observe, as in [12, Lemma 2] , that α(τ s (e)) = sα(e)s −1 (13) for any e ∈ dom τ s . Indeed, e ∈ dom τ α(e) , therefore using (ii) and (6) we have
For the converse inequality replace e by τ s (e) and s by s −1 in (14) and then use (i).
s (e) ∧ f ), st) we have by (i), (12) and (13) 
A strict partial action τ of S on E is called fully strict, if the homomorphism
is surjective. Indeed, the "if" part trivially holds for any strict τ . For the "only if" part take s ∈ S and suppose that s ≤ t for some t ∈ S. Since τ is fully strict, there are e, f ∈ E, such that (e, s), (f, t) ∈ E ⋊ m τ S. In particular, e ∈ ran τ s and f ∈ ran τ t . Since ran τ s and ran τ t are ideals of E, we have ef ∈ ran τ s ∩ ran τ t , whence (ef, s), (ef, t) ∈ E ⋊ τ S. Theorem 3.4. Given an inverse semigroup S and an idempotent pure congruence ρ on S, there exists a fully strict partial action τ of S/ρ on E(S), such that S embeds into E(S) ⋊ τ (S/ρ). Moreover, the image of S in E(S) ⋊ τ (S/ρ) coincides with E(S)⋊ m τ (S/ρ), and ρ is induced by the epimorphism π : E(S)⋊ m τ (S/ρ) → S/ρ. In particular, the embedding is surjective if and only if ρ is a group congruence, i.e. S is E-unitary and ρ = σ.
Proof. As we know from Proposition 3.1, there is an embedding ϕ : S → E(S) ⋊δ (S/ρ) given by (11) . For each e ∈ E(S) consider the set
Clearly (11) and (15) .
Finally, if ϕ is surjective, then E(S)⋊ m δ (S/ρ) = E(S)⋊δ (S/ρ), so S/ρ is a group by Remark 3.3. Therefore, ρ ⊇ σ by [6, Theorem 2.4.1 (3)], which yields ρ = σ in view of 5, and thus S is E-unitary.
Globalizable partial actions and O'Carroll L-triples
Let S be an inverse semigroup, φ : S → I(X), s → φ s , a partial action of S on a set X and Y ⊆ X. Then for any s ∈ S the partial bijection
is the restriction of φ s to the subset
A partial action τ of an inverse semigroup S on a set Y is said to be globalizable if it admits a globalization 3 , i.e. a global action φ of S on a set X together with an injective map ι : Y → X, such that τ s =ῑφ sῑ −1 (18) 3 In a more general context this was called an augmented action in [3] holds for all s ∈ S. Hereῑ is the bijection Y → ι(Y ), y → ι(y). It was proved in [3, Theorem 6.10] that τ is globalizable provided that it is order-preserving, i.e. s ≤ t ⇒ τ s ≤ τ t for all s, t ∈ S. Observe that the converse of this fact is also true. For, a global action φ of S on X, being a homomorphism S → I(X), is order-preserving, so that its restriction τ defined by (16) is also order-preserving.
Globalizable partial actions of inverse semigroups on semilattices turn out to be closely related to O'Carroll L-triples. Recall from [12] that an L-triple is (T, X, Y ), where (i) T is an inverse semigroup, X is a down-directed poset, Y is a meet subsemilattice and order ideal of X; (ii) T acts (globally) on X via a homomorphism φ : T → I(X), t → φ t , such that φ t is an order isomorphism between non-empty order ideals of X;
With any L-triple (T, X, Y ) O'Carroll associates in [12] the inverse semigroup
where the product of any two pairs from L(T, X, Y ) is given by the same formula (9) as we used in the case of a partial action. An L-triple (T, X, Y ) was called strict in [12] if for every y ∈ Y the set {f ∈ E(T ) | y ∈ dom φ f } has a minimum element e(y), and the map e : Y → E(T ), y → e(y), is a homomorphism of meet semilattices. In this case
is surjective, then the strict L-triple (T, X, Y ) was said to be fully strict [12] . [11, Lemma 3] that, given an action φ of T on (X, ≤), such that φ t is an order isomorphism between order ideals of X for all t ∈ T , and an order ideal Y of X satisfying T Y = X, one has that
By (17) the latter is the same as ∀t ∈ T : ran τ t = ∅ or, equivalently, ∀t ∈ T : dom τ t = ∅. Let y ∈ dom τ t , i.e. y ∈ dom φ t ∩ Y and φ t (y) ∈ Y . For any z ≤ y one has that z ∈ dom φ t ∩ Y , as Y and dom φ t are ideals of X. Moreover, φ t (z) ≤ φ t (y) ∈ Y since φ t is order-preserving, so φ t (z) ∈ Y . Thus, z ∈ dom τ t , and consequently τ t ∈ Σ(Y ) for all t ∈ T . Notice using (17) and (19) that (a, t) ∈ L(T, X, Y ) ⇔ a ∈ ran τ t . Thus, L(T, X, Y ) is exactly Y ⋊ τ T defined by (8) . Now, for any y ∈ Y and f ∈ E(T )
Hence, (T, X, Y ) is strict if and only if τ is strict. The remaining assertions of the proposition are immediate. 
Since τ is strict, each y ∈ Y belongs to
It follows that (18) holds, and we only need to show that the partial action φ is global, i.e. φ tu = φ t φ u for all t, u ∈ T . Using the fact that φ ′ is global, (22) and (23), we have
Lemma 4.3. Let τ be a strict partial action of an inverse semigroup T on a semilattice (Y, ≤) and φ : T → I(X) a globalization of τ such that T ι(Y ) = X, where ι : Y → X is the corresponding injective map. Then there exists a partial order ≤ ′ on X, such that φ t : dom φ t → ran φ t is an order isomorphism between order ideals of X. Moreover, (ι(Y ), ≤ ′ ) is an order ideal and meet subsemilattice of (X, ≤ ′ ) isomorphic to (Y, ≤).
Proof. As in the proof of Lemma 4.2 we assume for simplicity that Y ⊆ X and ι : Y → X is the inclusion map. Define the relation ≤ ′ on X as follows
Reflexivity of ≤ ′ is explained by the fact that T Y = X. For anti-symmetry suppose that x 1 ≤ ′ x 2 and x 2 ≤ ′ x 1 , i.e. x 1 = φ t (y 1 ) = φ u (z 1 ) and x 2 = φ t (y 2 ) = φ u (z 2 ) for some t, u ∈ T and y 1 , y 2 ∈ dom φ t ∩ Y , z 1 , z 2 ∈ dom φ u ∩ Y , such that y 1 ≤ y 2 and z 2 ≤ z 1 . Then z 1 = φ −1 u (φ t (y 1 )) = φ u −1 t (y 1 ) = τ u −1 t (y 1 ) and similarly z 2 = τ u −1 t (y 2 ). Since y 1 ≤ y 2 and τ u −1 t is order-preserving, we conclude that z 1 ≤ z 2 , whence z 1 = z 2 by anti-symmetry of ≤, and thus x 1 = x 2 . For transitivity of ≤ ′ take x 1 ≤ ′ x 2 and x 2 ≤ ′ x 3 . By (24) there are t, u ∈ T and y 1 , y 2 ∈ dom φ t ∩ Y , z 1 , z 2 ∈ dom φ u ∩ Y , such that
and y 1 ≤ y 2 , z 1 ≤ z 2 . It follows from (26) that y 2 = φ t −1 u (z 1 ) = τ t −1 u (z 1 ).
Since ran τ t −1 u is an ideal of Y and y 1 ≤ y 2 , one has that y 1 = τ t −1 u (z 0 ) for some z 0 ∈ dom τ t −1 u . Applying τ −1 t −1 u to the inequality y 1 ≤ y 2 , we obtain z 0 ≤ z 1 , whence z 0 ≤ z 2 by transitivity of ≤. Using (25), we have φ u (z 0 ) = φ u (τ (27), which completes the proof of transitivity of ≤ ′ , and thus ≤ ′ is a partial order. Suppose that x 2 ∈ dom φ t and x 1 ≤ ′ x 2 . By (24) there are u ∈ T and y 1 , y 2 ∈ dom φ u ∩ Y , such that x 1 = φ u (y 1 ), x 2 = φ u (y 2 ) and y 1 ≤ y 2 . It follows that y 2 ∈ dom φ tu = dom φ (tu) −1 tu . Since φ (tu) −1 tu (y 2 ) = y 2 ∈ Y , we have that y 2 ∈ dom τ (tu) −1 tu . Then α(y 2 ) ≤ (tu) −1 tu. But α, being a homomorphism of meet semilattices Y → E(T ), is order-preserving, so α(y 1 ) ≤ α(y 2 ) in E(T ), and by transitivity α(
The latter implies that x 1 = φ u (y) ∈ dom φ t , so that dom φ t is an order ideal of (X, ≤ ′ ). Notice also that in this case φ t (x 1 ) = φ tu (y 1 ) and φ t (x 2 ) = φ tu (y 2 ).
, and φ t is an order homomorphism dom φ t → ran φ t . Since the same holds for φ t −1 = φ −1 t , the bijection φ t is an order isomorphism between order ideals of (X, ≤ ′ ). Let y 1 , y 2 ∈ Y with y 1 ≤ y 2 . Since y 1 = τ α(y1) (y 1 ), y 2 = τ α(y2) (y 2 ) and ran τ α(y1) , ran τ α(y2) are ideals of Y , we have that y 1 , y 2 ∈ ran τ α(y1) ∩ ran τ α(y2) ⊆ ran φ α(y1) ∩ ran φ α(y2) = ran φ α(y1∧y2) , whence y 1 = φ α(y1∧y2) (y 1 ) and y 2 = φ α(y1∧y2) (y 2 ). Therefore, y 1 ≤ ′ y 2 . Conversely, suppose that y 1 , y 2 ∈ Y with y 1 ≤ ′ y 2 . By (24) there are t ∈ T and z 1 , z 2 ∈ Y ∩ dom φ t , such that y 1 = φ t (z 1 ), y 2 = φ t (z 2 ) and z 1 ≤ z 2 . Observe that y 1 = τ t (z 1 ), y 2 = τ t (z 2 ), and consequently y 1 ≤ y 2 , as τ t is order-preserving. This shows that the intersection of ≤ ′ with Y × Y coincides with ≤. In particular, (Y, ≤ ′ ) = (Y, ≤) is a meet subsemilattice of (X, ≤ ′ ). We now prove that Y is an ideal of X. Suppose that y ∈ Y and x ≤ ′ y for some x ∈ X. There are t ∈ T and y 1 , y 2 ∈ Y ∩ dom φ t with y 1 ≤ y 2 , such that x = φ t (y 1 ) and y = φ t (y 2 ). Then y 2 = τ −1 t (y), and since dom τ t is an ideal of Y , y 1 ∈ dom τ t , so that x = τ t (y 1 ) ∈ Y . In particular, if τ is fully strict, then dom τ t = ∅ is automatically satisfied for all t ∈ T , and in this case (T, X, ι(Y )) is also fully strict. is simply the identification of (y, t) ∈ Y ⋊ τ T with (ι(y), t) ∈ L(T, X, ι(Y )), which restricts to the isomorphism Y ⋊ m τ T ∼ = L m (T, X, ι(Y )). Finally, if τ is fully strict, then for every t ∈ T there exists y ∈ Y , such that (y, t) ∈ Y ⋊ m τ T . In particular, y ∈ ran τ t , so that dom τ t = ran τ t −1 = ∅ for all t ∈ T . The full strictness of (T, X, ι(Y )), whenever τ is fully strict, is immediate. Example 4.5. Let S be the meet semilattice {0, e, f }, where 0 is the minimum element and e ∧ f = 0. Consider the least congruence ρ on S which contains the pair (0, e). Then ρ is idempotent pure and the partial actionδ of S/ρ on E(S) is not globalizable.
Proof. Indeed, the fact that ρ is idempotent pure is trivial, since S = E(S). Sinceδ [e] ≤δ [f ] , the premorphismδ is not order-preserving. Thus, it is not globalizable as a partial action.
